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1. Introduction 

The purpose of this paper is to give an example of geometric construction (via 
Hecke correspondences) of certain representations of the affine Lie algebra gl n . The 
construction is similar to the one of || for the Lie algebra s[„. 

1.1. The case of sl n . Recall the setup of ||. Let V be an n-dimensional complex 
vector space, and let a = (ai, . . . , a n —i) be an (n— l)-tuple of nonnegative integers. 
We consider a as a linear combination a = <Zji G N[J] of simple coroots i S I of 
the Lie algebra st„ via identification I = {1,2, . . . ,n — 1}. Let Q^ be the space of 
degree a quasiflags, that is the space of all flags C E\ C • • • C B n -i CF8 Oc 
of coherent subsheaves in the trivial vector bundle V <8> Oc over the curve C = P 1 
such that 

rank(E'p) = p, deg(E p ) = —a p . 

The space Q^ is a smooth compactification of the space Q a of degree a maps from 
the curve C to the flag variety X of the Lie group SL(V) (see ||). The subspace 
Q a C 0,^ is formed by all degree a flags of vector subbundles C E\ C • • • C 

For i e / let <£ % a C <2„ x Q^ +i denote the closed subspace consisting of pairs of 
flags (E,,E' m ) such that E', C E,. The subspace <£ l a C Q^ x <2„ +i considered as a 
correspondence defines a pair of operators 

e l :H'(QlQ)^H'+ 2 (Q L a+l ,Q) and £ : H'(Q^ +l ,Q) -> ff*~ 2 (Q^,Q) 

Finally, let ^ : H'{Q^, Q) -> H'(Q^,Q) be the scalar multiplication by 2 + 2a t - 
a-i-l ^ Oi+l- 

Theorem (Q). X7ie operators ej, /,-, ft, provide the vector space 

H:= H'{Q^,Q) 

aGN[J] 

wzt/i a structure of sin-module. 

1.2. Verma submodules. Let £, £ Q Qo C <2^ be a flag of vector subbundles of 
degree a - Let K a {£,) C <2q +Qo denote the closed subspace formed by all quasiflags 
E, such that E. C It is equidimensional of dimension \a\ = a\ + . . . + a n -i- 
Consider the vector subspace 

M ( f ') : = H°(K a (£.),Q)cH 

aeN[I] 
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spanned by the fundamental cycles of the irreducible components of K a {£ % ). It 
is a s[„-submodule of H, isomorphic to the Verma module with the lowest weight 
a + 2p. 

Let us describe the sI n -module structure on M(£.) in the intrinsic terms of 
the spaces K a (£,). We fix the flag £, and we will write K a instead of K a (£,) 
for brevity. We have to compute the matrices of the operators e.; and fi in the 
bases of fundamental cycles of top dimensional irreducible components of K a , K a+ i. 
If one viewes a as an element of the coroot lattice of sl„, then |a|-dimensional 
irreducible components of the space K a are in one-to-one corresponedence with 
Kostant partitions of a (see |tJ ) . Given a Kostant partition A G &(a) we denote by 
Ka C K a the corresponding irreducible component and by va G H (K a ,Q) the 
fundamental class of Ka- 

Let A s 8(a), A' S 8(a + i) be Kostant partitions. In order to compute the 
matrix coefficient £j(A, A') of the operator a we should describe the intersection 

where p : <B l a — > <2„ and q : — > Q^ +i are the projections. More precisely, we need 
to know all irreducible components of <t\ which are dominant over K a' ■ One can 
check that all these components have the expected dimension and the intersection 
<£ l a (~l p~ 1 (Ka) is transversal along them. Hence the matrix coefficient Ei(A, A') is 
equal to the sum of degrees of these components over K a 1 ■ 

Similarly, in order to compute the matrix coefficient <pi(A' ', A) of the operator fi 
we need to know all irreducible components of <£.\ which are dominant over Ka- 
However, in contrast to the case of e,, the situation here is rather complicated. 
Namely, in some cases these irreducible components have the expected dimension 
and then the matrix coefficient is equal to the degree of these components over K a- 
But in some cases the dimension of these irreducible components exceeds the ex- 
pected dimension by 1 (the excess intersection). In these cases we also need to 
describe the excess intersection line bundle on these components. Then the matrix 
coefficient is equal to the sum of the degrees of the restrictions of this line bundle 
to a generic fiber of these components over Ka- 

1.3. The case of a wishful thinking. Let C C S be a smooth compact 
curve of genus g = g(C) in a smooth compact surface S. Let us fix a sequence 
7 = (cj), i G Z, of cohomology classes in H 2 (S,Z), such that Cj+i = a + [C], 
and a sequence a = (a^), i 6 Z, of cohomology classes in H 4 (S, Z) = Z such that 
dj+ n = cii + Ci - [C] + n[C] 2 /2. Recall that a parabolic sheaf of rank n on (S, C) is an 
infinite flag of torsion free rank n coherent sheaves . . . C £_i C Eq C E\ C . . . such 
that Ei +n — Ei(C). Let y(j,a) be the moduli space of /^-stable rank n parabolic 
sheaves such that chi(Ei) = a : chiiEi) — ai (see [fT^f ). For an n-periodic sequence 
of nonnegative integers (3 = (bi), let £^(7, a) C 3^(7, a) x 3^(7, a + fl) be the closed 
subspace formed by all pairs of parabolic sheaves (E,,E' t ) such that E' % C E m , and 
E.\s-c = E'As-c- 

We expect that £^(7, a) is equidimensional of dimension dim 3^(7, a) + |/3| (where 
|/3| = X)i=o ki)> an d its irreducible components are parametrized by the set 8.(0) of 
isomorphism classes of /3-dimensional nilpotent representations of the cyclic quiver 
with n vertices (affine quiver of type A„_i). For an isomorphism class k 6 &{(3) let 
us denote the corresponding irreducible component of £^(7, a) by 6^(7, a). The 
set of the above isomorphism classes over all (3 £ N[Z/nZ] forms a basis of the Hall 
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algebra H n of the category of nilpotent representations of the cyclic quiver A ra _i. 
An irreducible component (£^(7,0;) viewed as a correspondence between y(j,a) 
and y(j,a + (3) defines the map H'(y(j,a),Q) -» H'(y(<y,a + /3),Q), and we 
expect that this way one obtains the action of H„ on (S a H'(y('-f, a), Q). 

According to , H„ is isomorphic to the positive part of the enveloping alge- 
bra U(gl n ). We expect that the above correspondences transposed define the action 
of the negative part of U(gl n ), and together they generate the action of [/({)[„). 

1.4. Back to Verma. At the moment we are unable to carry out the above pro- 



gram. We have to restrict ourselves to the affine analog of 1.2. Namely, we fix a 
parabolic sheaf consisting of locally free sheaves ... C £-1 C £0 C £\ C ... For 
an rt-periodic sequence of nonnegative integers a — (a^) we define K a = K a {£,) 
as the space formed by all parabolic sheaves E, such that E, C and £%/Ei 
is concentrated on C C S and has (finite) length for any i £ Z. We prove 
that K a is equidimcnsional of dimension \a\, and its irreducible components are 
naturally parametrized by the set &(a) of isomorphism classes of nilpotent repre- 
sentations of dimension a of the cyclic quiver A„_i. The fundamental classes of 
these components form a basis of M = (J) H°(K a , Q). For n £ &(a) we denote the 

a 

corresponding basis element by v K . 

For i e Z/nZ let a + i denote the sequence (a'j) such that a'j — aj + 5ij. Let 
<£ l a C K a x K a+ i be the correspondence formed by all the pairs (E,, E' t ) such that 
E' t C E,. It defines the maps 

e 4 : H (K a , Q) -+ H {K a+l , Q) , and /, : H (K a+t , Q) -> iJ (K Q , Q) , 



the matrix coefficients in the basis v K are defined similarly to L2. We prove that 
ei, fi, i s Z/nZ, generate the action of sl„ on M. 

The (restricted) dual space M* may be identified with the polynomial algebra 
Q[xg] on infinitely many generators parametrized by the indecomposable nilpotent 
representations of A„_i. The dual action of (Chevalley generators of) st n on M* 
is realized by the explicit first order differential operators in the coordinates x$. 

On the other hand, 6 sl„, i 6 Z/nZ, generate the positive part of the universal 
enveloping algebra f/ + (s[„) which is naturally embedded into H„ (as the subalgebra 
generated by the isomorphism classes of indecomposable nilpotent representations). 
We write down explicit formulae for the action of £7(gl„) D J7 + (gl„) = H„ D 
U + (sl n ) by differential operators in the coordinates xg. At the moment we cannot 



prove the geometric meaning behind these formulae (see though the Remark 7.3.7). 
Let us only mention that the central charge of M equals (2 — 2g(C))n + [C] 2 (recall 
that [C] 2 equals the degree of the normal bundle Afc/s)- 

1.5. Let us say a few words about the structure of the paper. In §2 we recall 
the necessary information about the nilpotent representations of cyclic quivers in 
various categories. In §3 we study the space K a together with its projection to 
a configuration space of C. We prove that all the fibers of this projection admit 
a cell decomposition, and compute dimensions of all the cells. In §4 we study 
the correspondence <£ l a C K a x K a+ i, and describe its irreducible components 
dominant over the topdimensional components of K a and K a+ i. It appears that 
for every component of <B l a its projection to K a+ i is semismall. In §5 we define 
geometrically the matrix coefficients of the operators ei,fi,hi € sl n in the basis 
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of topdimensional components of K a , a G N[Z/nZ], and compute them explicitly. 
In §6 we realize the sl n -module N dual to M of §5 in the polynomial functions 
on an infinite-dimensional affine space. The action of sl n on N is given by explicit 
differential operators. This realization is similar to Kostant's construction of a dual 
Verma module over a semisimple Lie algebra in the sections of a line bundle over 
the big Schubert cell. Finally, in §7 we write down explicit differential operators 
extending the sl n -action on N to gl n . It is likely that the resulting g[ n -module is a 
contragredient Verma module. 

1.6. The work || might be viewed as a globalization of the geometric construction 
of U(sl n ) discovered in 0, |I| (from a nilpotent neighbourhood of a point xeCto 
the global curve C) . Similarly, the present work may be viewed as a globalization of 
the geometric construction of U(sl n ) discovered in ||, B. In another direction, [|| 
was generalized in [0 to arbitrary simple finite dimensional algebras. It would be 
extremely important to generalize the present work along these lines. 

Quite naturally, in this paper n > 2. But in fact, many considerations below 
make sense for n = 1 when the moduli space of parabolic sheaves becomes just 
the punctual Hilbert scheme of S. We were strongly influenced by the beautiful 
book [fit)) , especially chapters 7-9 (see also ||). In another direction, we were 
strongly motivated by the suggestion of V. Ginzburg back in 1997 to study the 
Drinfeld compactification of the space of maps from P 1 to an affine Grassmannian. 
We learned from him about the parallel between Laumon and Drinfeld compacti- 
fications on the one hand, and Gieseker and Uhlenbeck compactifications, on the 
other. 

We would like to thank V. Baranovsky for bringing the reference [12] to our 



attention, and E. Vasserot for sending us the preprint 11 . We are grateful to 
R. Bezrukavnikov for an important encouragement and advice, and to B. Bakalov 
and T. Pantev for useful discussions. 

While this paper was written, the first author enjoyed the hospitality of the 
Insitute for Advanced Study and the support of the NSF grant DMS 97-29992, 
and the second author enjoyed the hospitality of the Institut des Hautes Etudes 
Scientifiqucs. 



2. Notations 

2.1. Nilpotent representations of the cyclic quiver. Let A„_i denote the 
cyclic quiver with n vertices and A^ denote the infinite linear quiver. A repre- 
sentation M of the quiver A^ is a Z-graded vector space with an operator A of 
degree 1. A representation of the quiver A„_i is the same as a n-periodic rep- 
resentation of the quiver A^, that is a representation M with an isomorphism 
M[n] = M, where [n] is the functor shifting the grading by — n. 

A representation M is called nilpotent if A N = for N 3> 0. Let NR denote 
the category of nilpotent representations of the quiver Aoo and NR„ the category 
of nilpotent representations of the quiver A n _i. 

The dimension of a representation M of the quiver A^ is just a sequence of 
nonnegative integers equal to the dimensions of the graded components of M. If M 
is a representation of the quiver A n _i then dimM is a n-periodic sequence. 

Recall the well known classification of indecomposable objects of NR„. They 
are classified up to isomorphism by pairs (p, q) where p < q are integers defined up 
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to simultaneous translation by a multiple of n. The representation corresponding 
to (p, q) is denoted by Mi p<q \. It has a basis e p ,e p+ \, ... , e q with ej of degree j 
(mod n), and we have e p — ► e p+ i — > . . . — > e q — > in the representation. We will 
denote the Grothendieck group K(NR„) by K„. It has a basis [M( Pi? )] ; p, g as 
above. We will denote this basis by R + . An element of R + will be called raiz, and 
sometimes a raiz [M( Pi9 )] will be denoted simply by (p, g). Given an integer s we 
can identify the set R + with the set 

Rf = {(P> 9) I P — 9 an( i s<3<s + «— 1} 

A raiz will be called simple, and sometimes will be denoted simply by i. We 
denote by I = Z/nZ the set of all simple raiz. 

Definition 2.1.1. We say that a raiz 9 — (p,q) G R + begins (resp. ends) at a 
simple raiz i iff i = p mod n (resp. i = q mod n). We denote by C R + U {0} 
(resp. Ej C i? + U {0}) the set consisting of and of all raiz beginning (resp. ending) 
at i. 

Definition 2.1.2. Given two indecomposable representations 6,$ such that for 
some i we have 9 G B^, 1) e Ei_i, there is a unique (isomorphism class of an) 
indecomposable representation r\ fitting into exact sequence 

We say that r\ = 1? * 6, 1} = rj/9. 

The dimension of a representation may be viewed as an element of the lattice Y of 
n-periodic sequences of integers. We identify a simple raiz i £ I with the dimension 
of the corresponding simple representation, thus if a G Y then a + i G Y is the 
same as a + dim i. 

The above identification gives rise to the identification Y = Z[I}. Thus the 
dimension may be viewed as a map 

dim : K„ N[7] C Z[I] = Y. 

We will consider the following elements of the dual lattice Y y . For i G Z/nZwe 
define 

(i',y») = tyi - Vi-i - Vi+i (1) 

where y. = (. . . , j/ , J/i, • • • ) G Y. 

2, if j = i mod n; 

— 1, if j = i ± 1 mod n and n^2; 

—2, if j = i + 1 mod n and n = 2; 

0, if j 7^ i, i ± 1 mod n. 

is the affine Cartan matrix of type A„_i. 

For a G N[i] we define \a\ as the sum of all coordinates of a. For a, (3 G N[7] we 
say that a</3iff/?-a€ N[/]. 

Consider also the lattice F^ 2 ^ D Y of sequences of integers n-periodic modulo 
linear term, that is 

Y (2) = {y. I y p+n -y p = ap + b for some a, be Z}. 



The I x I matrix 



6 



MICHAEL FINKELBERG AND ALEXANDER KUZNETSOV 



Also, we define 

p =(..., po, p u ...) £ r (2) <g> Q, Pp = V/2. 

Lemma 2.1.3. TTie functional i' defined by (Q) is well defined on the lattice 
[that is (i',y,) depends only on i mod n when y, G Y^). Moreover, we have 

<*» = ! 

/or i £ I. 

Proof. Evident. □ 

2.2. Partitions. Assume that we have a set A and a function £ : A — > (N[I] — {0}). 
For any a G N[7] we define an ordered m-terms partition A oi a with respect to 
(A, £) as a map A : [m] = {1, . . . , to} — > A such that 

m 

We denote the set of all ordered TO-terms partitions of a with respect to (A, £) by 
PjP^(a). The group of permutations S m acts naturally on the set PjP^(a). We 
denote by S~ C S m the stabilizer subgroup of A £ P™^(a). 

We define an unordered TO-terms partition (or, more simply, a partition) A of a 
with respect to (A, £) as an 5 m -orbit in the set Px^(a), and denote by 

oo oo 

P X4 (a) = □ P^(a) = □ ?% 4 (a)/S m 

m—0 m—0 

the set of all partitions of a with respect to (A, £). 

Given a partition A we denote by A its ordering, that is any representative of ^4 
in the set of ordered partitions. Let a p — A(p) (p = 1, . . . , to). We will denote the 
partition A by {{a\, . . . , a m }}, and for A — {{ai, . . . , a m }} we will denote 

\A\ = £(ai) + • ■ • + £(a m ) G N[7], K(A) = to, 

and 

m(a,^4) = #{p G [to] I a p = a}. 

Thus, we always have A £ Px,^(\A\). 

We will use the following types of partitions. 

Usual partitions: Here we put A = N[I] — {0}, £ = id. We denote the set of 

usual partitions of a by r(a). 
Kostant partitions: Here we put A = R + , £ = dim. We denote the set of 

Kostant partitions of a by K(a). 
Multipartitions: Here we put A = U 7 e(N[/]-{o}) ^(t)) = M- We denote 

the set of multipartitions of a by 971(a). 

Note that if 9 £ R + is a raiz, then the set &(dim9) of Kostant partitions of 
dim# contains an clement {{0}}. Such Kostant partition is called a simple Kostant 
partition. A multipartition fi — {{ki, . . . , n m }} is called a simple multipartition if 
all simple Kostant partitions. 
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We have the following natural maps: dim : R(a) — > T(a), &(a) Wl(a) 
(the set of Kostant partitions of a is identified with the set of simple multipar- 
titions of a), and the projection | | : SDT(a) — ► T(a) (we define |{{/ti, . . . , K m }}| := 
{{M,...,|Km|}})- 

2.3. Configuration spaces. Let C a denote the configuration space of effective 
divisors on the curve C with coefficients in N[J] of degree a. If a = J2iei ^ nen 
the space C a is isomorphic to the product of the symmetric powers of C, more 
presicely 

c a ^Y[s ai c. 

iei 

The space C a carries the natural diagonal stratification, the strata of which are 
in one-to-one correspondence with partitions of a: 

C a = l_\ Cf*. 

rer(a) 

The stratum C", corresponding to the ordered partition L = {{ai, . . . , a m }} con- 
sists of all divisors Y^=i 0L v x v> wnere x\,. . . ,x p are pairwise distinct points of C. 
Thus we have an isomorphism 



where A C C m is the big diagonal. 

If /it £ SDt(a) is a multipartition and L = 

Let denote the quotient (C m - A)/S^. 
the space C". 



= |/u| G T(a) then it is clear that C «S~. 

. The space is a — py-fold covering of 
1 6/1 1 



2.4. Nilpotent A„ i-modules over C. Let a € Recall that the isomor- 

phism classes of a-dimensional objects of the category NR„ are in one-to-one cor- 
respondence with Kostant partitions of a. We denote by k(M) £ R(dimM) the 
Kostant partition corresponding to the isomorphism class of M . We denote by Mg 
an indecomposable represetation corresponding to a raiz 6 £ R + , and we denote 
by M K a representation corresponding to a Kostant partition k £ R(a). 

Let i : C — > S be a closed embedding of a smooth curve C into a surface S. Let 
NR„(C) denote the category of nilpotent representations of the quiver A„_i in 
the category of cohernet sheaves on S with O-dimensional support on the curve C. 
Every object T of the category NR„(C) can be decomposed as T = (B x eC'T x , where 
T x is an object concentrated at a point x £ C . Let 

T,T X :NR„(C) ^ NR„, T(T) = T(S,T), T X (T) = T(S,T X ) 

denote the functor of global sections and of global sections with support at x re- 
spectively. 

Let k x be the Kostant partition, corresponding to the isomorphism class of the 
object T X (T) of the category NR„. Then the nontrivial Kostant partitions k x , 
x £ C form a multipartition /u(T) £ 9Jl(a) of a = dimT(T). We call the objects T 
and V of NR„(C) equivalent if /j,(T) = /u(T'). 

Thus the set of equivalence classes of objects of the category NR„(C) are in 
one-to-one correspondence with multipartitions. 
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3. The space K a 

3.1. Definition and piecification. We fix a smooth surface S and a smooth curve 

o o 

C C S. Let S = S — C be the complement, j : S — ► <S the open embedding, and 
i : C — > S 1 the closed embedding. Let [C] € i? 2 (S 1 , Z) be the fundamental class of 
the marked curve C C S. We denote by d — [C] 2 = deg Afc/s the degree of the 
normal bundle and by g — g(C) the genus of the curve C. 
Let V be a n-dimensional vector space. We fix a flag 

••• c£_i c£o c£i c ••■ c^^j.O. 

of rank n vector bundles on the surface £ such that 

£ p -n = £ P (—C) — £ p ® Os(—C) C £ p (periodicity) 
c\{£ p+ i) = ci(£ p ) + [C] (normalization) 

It follows that £ p /£ p -i = i*£ p , where C p are line bundles on the curve C. Moreover, 
the periodicity implies that 

Cp+n = C P ® \*O s {C) = Cp® N c/ s 

Let ao denote the sequence formed by —ch 2 (£ p ), where ch 2 = c\/2 — c 2 is the 
second coefficient of the Chern character. 

Lemma 3.1.1. We have a <E ®Q and (i' , a ) = deg£j + i — deg£j. Moreover, 
we have J2 ieI (i', ao) = d. 

Proof. We have 

ch(£ p+n ) - ch(£ p ) = ch(£ p ){l + [C] + [Cf/2) - ch(£ p ) = ch(£ p )([C] + d/2[point]), 
hence 

ch 2 (£p+ n ) - ch 2 (£ P ) = ch!(£p) ■ [C] + ch (£ P ) ■ d/2 = pd + Cl (£ ) ■ [C] + nd/2, 

hence a € Y^ <g> Q. 

On the other hand by the Riemann-Roch-Grothcndick Theorem we have 

ch(UC P ) = [C] + (deg£ p - rf/2)[point], 

hence 

deg£ p = ch 2 (£ p ) - ch 2 {£ p -i) + d/2 

hence 

deg£ p+ i - dcgCp = ch 2 (£ p+1 ) + ch 2 {£ p -i) - 2ch 2 (£ p ) = (p',a ). 
Finally, we have 

n-l 

^2(i',a ) = ^(deg£ p+ i - deg£ p ) = deg£„ - dcg£ = d. 

iei p=o 

□ 

Any infinite flag of coherent sheaves on the surface S can be considered as a 
representation of the quiver Aoo. Given a periodic subflag E, C £,, such that 
E m ^ a = £ % o wc denote by T, = £,/E, the quotient representation of the quiver A^. 

Assume that the support of T. is O-dimensional. Then choosing a trivialization of 
the normal bundle Afc /s m a neighbourhood of supp T. we obtain an isomoprhism 

J p+n — J- n i 
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hence T. can be considered as a representation of the cyclic quiver A„_i in the 
category of coherent sheaves on the curve C. Then T(T m ) is a representation of 
A„_i in the category of vector spaces. It is clear that both T, and T(T.) arc 
nilpotcnt. 

Definition 3.1.2. Let K a (£,) denote the space of all periodic subflags E, C £, 
such that T, is an object of the category NR„(C) and dimr(T.) = a. 

We will denote the space K a (£ t ) simply by K a for brevity. 

For a multipartition (i(E») E Wl(a) let C K a denote the subspace of all E, 
such that the equivalence class /u(T.) of the object T. = £./E, of the category 
NR„(C) is equal to fi. This defines a piecification 

K a = \_\ K„ (2) 

H&XR{a) 

It is clear that the equivalence class /u(T.) doesn't depend on the choice of the 
trivialization of the normal bundle Afc/s involved. 

Let k x (T) denote the isomorphism class of the representation T X (T). Then 
by definition the multipartition /z(T.) is formed by nontrivial Kostant partitions 
k x {T,). Hence we have a map 

Let fj, = {{ki, ■ ■ ■ , n m }}- Given an element K r x r G C£ let F^(J2 K r x r ) denote 
the fiber cr~ 1 (^ n r x r ) C K^. 

Lemma 3.1.3. The map a is a locally trivial fibration. Moreover, we have an 
isomorphism 

F^KiX! + ■■■ + K m X m ) = F {{Kl}} (KiXi) x • • • x F {{Km}} 

Proof. Evident. □ 

Thus the description of the stratum C K a reduces to the description of the 
space F{{ k -}-}(kx) which is called a simple fiber. 

3.2. Simple fiber. This subsection is devoted to the proof of the following Theo- 
rem. We fix a point x G C and a Kostant partition k. We denote the simple fiber 
f {{k}\(kx) by F K for brevity. 
Recall that 

F K = {E. C £. | supp(£./E.) = {x} and k(T(£./E.)) = k} 

Theorem 1. The space F K is a pseudoaffine space of dimension \ \k\ \ — K(k). 

It is clear that the space F K depends only on the local properties of the surface 
S near the point x. So, in this subsection we can and will replace S by a small 
neighbourhood of x. This allows to fix a trivialization of the normal bundle A/"c/s, 
giving an isomorphisms 

£<p+n — <£p- 

We fix some integer s. 

Let Kp (p < q, s < q < s + n — 1) be the coordinates of the Kostant partition k 
with respect to Rf. 
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For any collection and subsets /, J C Z we define 

pel, qe.J 

Another possible definition of the collection n p is given by the following Lemma. 

Lemma 3.2.1. Assume that N is a n-periodic representation of the quiver Aoo 
such that its isomorphism class in the category of representations of the quiver 
A„_i is equal to k. Let N p denote the kernel of the map N p — > N s + n . Then for all 
p<q<s + n— 1 we have 

rank(iV p - N q ) = nf p . 

Proof. The Lemma follows from the calculation of the contributions of the sum- 
mands Mg (8 = (p' , q') G Rf) of N into the rank of the above map. It suffices to 
note that Mg contributes to the rank of the map iff p' < p and q < q' . □ 

Assume that E, G F K and let T. = £,/E,. 

Let us denote the torsion sheaf L 1 !*^ by R. Now we will introduce a pair of 
nitrations on R. 

The first of them can be constructed quite easily. 

Lemma 3.2.2. There are natural isomorphisms 

i*T s = Coker(7;_„ -> T s ), LH*T S = Ker(T s -> T s+n ). 
Proof. Evident. □ 
Let us denote 

R, = Ker(T s ^ T s+i ) (0 < i < n). 
This defines the right filtration 

= Rq C R\ C • • • C Rn—i C R n = R 

of the sheaf R. 

The second one is a little bit more complicated. First we consider a filtration on 
the sheaf T s formed by the sheaves 

Ti = £ ;i HE s n £i) = Im(Ti -> T s ) C T s . 

Then we consider 

= LH*(£i/{E s n ^)) = LH*^ c L 1 !*^ = i?. 
This defines the left filtration 

• • • C R s ~ 2 C R 3 - 1 G R s = R. 

of the sheaf R. 

Remark 3.2.3. Note that the left filtration R' of the sheaf R is defined by the 
subshcaf E s C £ s only. 

Lemma 3.2.4. We have 

rank(r(iF) -> -» T{R/Ri)) = (p < s, < t < n). (3) 
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>s+i 



Proof. Let N, — T(T t ). Then according to the Lemma 3.2.1 we have n< p 

rank(7V p — > N s +i)- Since r(«) is an exact functor on the category of torsion sheaves 
on the curve it follows that 



-Js+i 



It is evident that 
Im 

hence 



E p 

£ p n E s (C) £ s+l n E 8 (C) \ _ £ p n E s {C) 



Ep E s +i J £ P C\ E s +i 



di m rf ^ n y ) > ) =K%i +i iorallp<s,0<i<n, (4) 

\ £ p n £/ s +, / 

On the other hand, it is easy to show that 

«'^, hence fl/ft _ 

and the image of the map R p — > R/Ri is equal to 

£ P n£ a (C) 
£p n -B s +i 

and the Lemma follows. □ 

For every t < s let X* denote the space of all subsheaves E C £t with a filtration 

= Rq C Ri C • • • C i?„-i C i?„ = i? = L l i*{£ t /E) 

such that the quotient ft/i? is concentrated at the point x and the filtration R t 
together with the left filtration R p := L 1 i*(£ p /(E n £ p )) satisfy the condition 

rank(L(i? iD ) -> r(fl) -» T(R/Ri)) = K% s p + \ (p < t, < i < n). (5) 

We have an obvious map 7r s : F K — ► X® sending iS. to (.E s , where i?» is the 
right filtration of the sheaf R. 

Thus the problem of description of the space F K reduces to the description of 
the space and to the description of the fiber of the map ir s . 

We begin with some notation. Assume that (E,R,) G X l K for some t < s. We 
denote the intersection £ \ n E by E\ and the quotient £%/E\ by T/. Then we have 
a filtration 

• • • C T*_ 2 C Ttx C T* =: T. 
Lemma 3.2.5. We have i*Tf = Tf/Tt_ n for all i < t. 

Proof. Since T\ — £i/Ej, it follows that i*T* is isomorphic to the cokernel of the 
map T\ — > T*, induced by the embeddings £%{—C) = £i- n C £i and Ej(-C) C J5*. 
However, since we have 

£*(-C) C C £i-n 

it follows that the morphism T* — > T/ factors as the composition of the surjection 
T\ -> T/_ n and the embedding T/_„ -> T/. The Lemma follows. □ 

Lemma 3.2.6. We have 

oo 

dimr(T*) = ^«|;_ rn . 

r=Q 
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Proof. Follows from |3.2.5| and (|) since dimr(i*7; t ) = dimr(L 1 i*7;*) = dimr(i? i ). 

□ 

Consider the restriction of the embedding £i- n — > £i~\ to the curve C. Since 
= £j_i/£j_ n _i it follows that the map i*£i_„ — > factors as i*£i_„ — > 

Ci- n — > Thus, we have an embedding £^ = — » 

Lemma 3.2.7. The kernel of the composition Ci — ► i — > is equal to 

f(-V°° k- s t) 



Proof. It sufhces to show that the image T of the above map is a torsion sheaf with 

the commutative diagi 

1 ^2— n 1 ^i— 1 



dimT(T) = «;<?_„. Note that the commutative diagram 



i*3tn ► ' l * T U 

implies T = Im(i*T/_ n -> i*T/_ 1 ). /From the Lemma |3.2.5| it follows that 



^ ^ I m (?i-n/^i-2n — * ^i-l/^i-n-l) — ^i—n/^i- 



hence according to the Lemma 3.2.6 we have 

c 

dimr(T) = dimr(7 1 /_, i )-dimr(lf_„_ 1 ) = n^_ rn -J2 K <t-m-i =J2 K 

□ 



oo oo oo 

i—rn ' 

r—1 r—1 r—1 



Corollary 3.2.8. The composition 

^ (- £ /t ^« a: ) a " i * Si - 1 r7ti 

vanishes. 

Proof. Follows from the above Lemma. □ 
Consider the map n7 t : X f K — » X^T 1 given by 

w t (E, R. C J?*) = (En St-!, {R*- 1 n c R 1 - 1 ). 



Proposition 3.2.9. The map wt is a locally trivial pseudoaffine fibration with the 

t <t-i- 



fiber zu t 1 (E',R' m ) being a pseudoaffine space of dimension k^ s 



The proof of the Proposition |3.2.9 consists of a few steps 



Consider the space Y of all pairs (E, R' t ), where E is a subsheaf in £ t and R' t is 
a filtration in the sheaf R' = L 1 !* (£ t -i/ (E n £t-i)) such that £t/E is concentrated 

at x and dimr(£ t /i?) = ^ n<l_ rn and for all p < t — 1 the conditions @ are 

satisfied. 

We have natural maps w' t : X\ -> Y, i-> (£, i?. n i?'), and £ : Y -> 

X 1 ' 1 , (E, R',) ^ (EH £ t -i,R',), and evidently w t = £ • roj. 
We begin with the description of the space Y. 
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Proposition 3.2.10. The space Y is a torsor over the vector bundle 

H := Hom x t-i(£ t (-kx),R'), 

oo 

where k = ^ Kf- rn - 

r=0 

Proof. Let (E',R' m ) E X*" 1 and let T" denote the quotient £ t -i/E'. If £ is a 
subsheaf in £( such that _E n £t-i = E' and (J5, E Y, then iS/i?' is a subsheaf 
in £ t /£t-i = UCt, and 

dim r [ * * — - | = dim T [ — - — ; — | = k^* — /tpf , = k, 

hence E/E' = uCt(-kx). Let W denote the quotient £ t /£ t (—kx), and let £ denote 
the kernel of the composition £ t — > i»£ t — > IY. It follows that Y is the space of 
all extensions of the projection £t-x — > T" to the map £f_i C £ — > T". It follows 
from [Q that we have the obstruction map 77 : X*- 1 Ext 1 (i*£ t (-fc3;),T / ) and 
that y is a Hom(i t £ ( (-fa), T')-torsor over the zero locus of the map r\. Note that 

Hom(i»A(-te), T') Hom(£ t (-b),L 1 i*T') = 

Hence it suffices to prove that r\ = in our case. 

To this end note that the obstruction rj(E') is equal to the Ioneda product of 
the embedding i*£t(— kx) — > i*£t, of the extension 

-» -» £ t -» i,A -» 0, (6) 

and of the projection £t-\ — ► T'. On the other hand, we have an isomorphism 

Ext^UA.^-i) = Hom(£ t ,i*£ t _i) 

under which the extension (|^) corresponds to the natural embedding £ t — > i*£t_i 
(see Lemma 3.2.7). Hence the Corollary 3.2.8 implies the vanishing of the obstruc- 
tion. □ 

Assume that (E, R' m ) E y and let E' = E n Le t T = and T" = 

£t-i/E' C T. It follows from the proof of the Proposition 3.2. 1C| that we have an 
exact sequence 

-> T' -> T -» u(£t/Ct(-kx)) -> 0, 
hence is a subsheaf in L 1 i*(i H ,(£ t /£ t (— fca;))) = CtJ Ct{—kx). On the other 

hand we have dimr(i?') = K<f_ 1 by the definition of the space y and 

dim r(i?) = dimL(L 1 i*T) = dimL(PT) = dim L(T/T t *_ n ) = 



= dimL(T) - dimr(T t '_J = dimL(T) - dimL(T t ^) = K 



<l ■ 



Hence dimr(J?/i?') = — (t^f j = Kf S . This means that 

R/R' = W:= C t {{K} s - k)x)/Ct(-kx) = Ct((K [ t' s+n ~ 1] - k)x)/C t {-kx). 

Now, if R, is a filtration on R such that (E,R,) E X* K then we have Ri/R'i C 
= W and 



dimr(i? l /i?0 = dimT(i? l ) - dimT(^) = k 



s,s-\-i— 1] [s,s-H— 1] _ [s,5+i— 1] 



<t-l 



hence 

iZi/iiJ = W t := C t ((^' s+i - 1] - k)x)/C t (-kx) 
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Thus we have the following standard commutative diagram: 





RL 



R' 



R'/R'. 



R. 



R 



R/R. 



W. 



W 



w/w. 



(7) 



Remark 3.2.11. This is a diagram in the category of representations of the quiver 



n-l 



in the category of coherent sheaves on the curve C. From now and till the end of 
the proof of the Proposition the index • indicates an object of this category. It will 
be rather important below that indices start from 0. 

Let R, denote the kernel of the composition R — > W — » W/W,. From the 
standard technique of M it follows that 



f G Hom{R.,R'/R'.) 



R' 

such that the triangle canj ^/ commutes 



r'/k 

In other words, we have the following cartesian square 
X l K > Hom Y (R.,R'/R'.) 



Y lxcan > Y x Hom xt -i (R', R'/R'.) 



Consider the map e : Y -> Ext 1 {W,R') given by the middle row of (Q) and 
the projection Ext 1 (W,R') Ext 1 (W.,R') induced by the embedding W. W. 
Note that applying the functor Hom(», R 1 ) to the sequences 



-> Ct(-kx) -» C t ({K l t s ' s+n ~ 1] - k)x) -» W -> 0, 
-» C t (-kx) -> £t((4 s ' s+ * -11 - fc)a;) -» W. -> 



(8) 
(9) 



we obtain the morphisms of X l K 1 -spaces 

Hom(C t (-kx),R') -> Ext 1 (W,R') and Hom(£ f (-b),fi') -» Ext 1 ^., i?') 

which define a natural hberwise (over X*^ 1 ) action of the vector bundle H on 
Ext 1 (W, i?') and Ext 1 (W. , i?') . 
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Lemma 3.2.12. The map e : Y Ext 1 (W,R') — > Ext 1 (W„ R') commutes 
with the action of H . 

Proof. Let W denote the quotient C t / '£*(— fcx). Recall that we have the following 
commutative diagrams 







UCt(-kx) ► uC t 



UW 



LW 







and 



> C t (-kx) ► C t ((n[ s ' s+ '- 1] -k)x) 



> Ct{-kx) ► L t ({K [ t' s+n - 1] -k)x) 







-> Ct(-kx) > 



W. 



w 



w 







Applying the functors Hom(», T") and Hom(», R 1 ) we get the following commuta- 
tive diagram 

Y Hom(i»£ t (-b), T') = Hom(£ t (-h), R') Ext^W., R 1 ) 



Hom(£,T') ^ Ext 1 (UW,T') Ext 1 ^,^') ^Ext\W,R') 

and the Lemma follows. □ 

Corollary 3.2.13. We can choose a local over X^T 1 trivialization <f> : Y H such 
that the following diagram 



Ext 1 (W.,R') 

commutes. 

Thus for every point (E, R' t ) G Y we have a homomorphism 4>e ■ C t {—kx) — ► i?'. 

Lemma 3.2.14. The homomorphism 4>e can be extended {locally over X^ 1 ) to a 
morphism of complexes 







Ct(-kx) 

4>E 

Rf 



c t {{K [ r + '- i] -k)x) 

R. 



W. 



w. 
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Proof. The claim of the Corollary 3.2.13 reformulated in terms of the derived cat- 



egory says that the square in the following diagram 

W.[-l] > C t (-kx) ► £t((K l *' s+ — 1] -k)x) 



W.[-l] 



R' 



R. 



W. 



W. 



commutes. Hence it can be extended (locally) to a morphism of triangles, and the 
space of extensions is a torsor over Hom(W,,i?,). Hence the obstruction to the 
local over X l ~ l extension lies in R 1 ^(Hom(W,, R,)). But the map £ is an affine 
morphism, hence the obstruction vanishes. □ 

Thus we have a map Homy (R. , R' / R'.) % Hom^^'^*" 11 - k)x),R'/R'.) 
induced by the morphisms iI)e- Consider the following diagram 

fs,s+»-l] 



H.om Y (R., R'/R'.) 



Y x Hom(E', R'/R'.) 



Hom(A((4 



k)x),R'/R'.) 



Uom(C t (~kx),R'/R'.) 



Lemma 3.2.15. The above square is cartesian. 



Proof. The Lemma 3.2.14 implies that the above square commutes, so it suffices 
to note that the fibers of the map Homy (R., R'/R'.) — > Y x Hom(i?', R'/R'.) are 
equal to Horn ( W. , R'/R'.) and that they map isomorphically to the fibers of the 



map Hom(£i((K 



[«,«+• 



k)x),R'/R'.) -» Uom(C t (-kx),R'/R'.). 



□ 



Corollary 3.2.16. We have a cartesian square 



Y 



Hom(£i((K 



[s,s+«-l] 



k)x),R'/R'.) 



Uom(C t (-kx),R'/R'.) 



We will need the following Lemma. 
Lemma 3.2.17. (i) Hom(£ ( (-b), R'.) =~Ext 1 (£ t (-kx),R' m ) = 0. 
(ii) The projection R' — > R' / R' m induces an isomorphism 

Hom(£((-b), R') ^ Hom(A(-b), R'/R 1 .). 



{Hi) Ext 1 (£ t ((K 



s,s+»-l] 



-k)x),R') = Ext 1 (£ t ((«[■' 



s,s+«-l 



- k)x),R'/R'.) = 0, 



dimHom(£ t ((K 



s,s+« 



k)x),R'/R'.) = 



Proof. Easy. 



□ 



Now we can finish the proof of the Proposition 3.2.9. Just note that from the 
definition of <j> and from the Lemma 3.2.17 (ii) it follows that cf> is a local (over 
X^T 1 ) isomorphism, hence Xf. is locally (over X 1 ^ 1 ) isomorphic to the vector bundle 

Hom(£ t ((K[ s ' s+ ' — k)x), R'/R 1 ,), which according to the Lemma 3.2.17] (Hi) is 

>s 



^-dimensional. 



PARABOLIC SHEAVES ON SURFACES AND AFFINE LIE ALGEBRA g(„ 17 

Remark 3.2.18. It follows also that the natural map 

w^iE^R'.) -> Ext^Wi.-Ri) 
is surjective. Indeed, the map 

Hom(£ t (( K [" s+ * _11 - k)x),R'/R'.) -► Ext 1 (£ t (( K [" s+ *" 11 - fc)z),iO 
is surjective by the Lemma 3.2.17 (Hi). On the other hand 

Ext 1 (£ t ((/4 S,S+, ~ 1] - k)x),R'.) S ExtHW.X) 



by the Lemma 3.2.17 (i). So it remains to note that the projection 

Ext 1 (W.,ij;) -> Ext^Wi,^) 
is surjective and that ra7 t -1 (.E', ^ Hom(£ t ((K^ s+,_l1 - jfe)i), R'/R'.). 

Now we can describe the space X*. 
Proposition 3.2.19. TTie space X S K is a pseudoaffine space of dimension 

p<s p<s<g<s+n— 1 



Proof. Follows by induction from the Proposition 3.2.E. □ 

Recall that our goal is to describe the space F K . Since we have the map ir s : 
F K — > and the description of the space Xf, is given by the Proposition 3.2.19, it 
remains to describe the fiber of the map tt s : F K — ► X^. 

We will need the following Lemma. 

Lemma 3.2.20. If E m € F K i/ien /or a?/ p < q < s + n — 1 we have 

dimr p g+in M =< . 

Proof. Follows immediately from □ 
Proposition 3.2.21. The map n s is a pseudoaffine fibration of dimension 

E k <p= E (i-pK+ E (?- s K- 

s<p<g<s+n— 1 s<p<q<s+n— 1 p<s<g<s+n— 1 

Proof. Assume that (E,R,) 6 .X^ and let £7. G n^ 1 (E,R,). Then we have a 
diagram 

-Es C E s+ i C ... C E s+n ^i C -Es+n 

n n n n 

&s C &s+l C ... C £ s + n _i C £ s +n 

But E s — E and = E S (C) = E(C), hence every E s+ i is a subsheaf in 

-E(C) n £ s +i- In other words, we have the following diagram 

E c E s+1 c ... C £ s+ „_! C £(C) 

n n n || 

E(C) n£ s c £(C)nf s+ i c ... c E(C)n £ s+ „_i c £(C) 

Consider the following sheaves: 

~ E(C) n , E s+ i 

E E 
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(note that £q = R). We have a diagram 

C E[ C ... C K-i C £„ 

n n || 

£o c £1 c ... c £ n -i c £ n 
and it is easy to show that for all i < j we have 

£i n _ £ s +i n 



hence according to 3.2.20| we have 



Note also that 



^ H £ = ^^±i = R,cR n = £ -^§^ =£ (11) 



(compare with the proof of the Lemma 3.2.4). Thus, starting from E, we obtained 
a flag of subsheaves in the flag £ m such that (|l0|) and ( |TT| ) are satisfied. On the other 
hand it is easy to show that if (E' m C £.) is such a flag, then E s+ i = Ker(£'(C) n 
£ s+ i — > £i — » Ei/E'j) gives a periodic flag -E. € n^' 1 (E, i?.). 

Thus we have to describe the space of all subflags E' m C £, such that (|l0|) and 
Ll|) are satisfied. Note that all the quotients 

£s+i+l 
£i £s+i 

are invertible sheaves on C, and that all the intersections E[ n £o are fixed (ac- 
cording to (|ll|)), hence we can apply the standard technique of 0. It follows that 
7r s _1 (i?, i?.) is a pseudoaffine space of dimension 




Now the Theorem [i] follows from the Propositions 3.2.19 and |3.2.2l| . 

3.3. Topdimensional components of K a . Applying Theorem [j], Lemma |3.1.3 
and the definition of the space we get the following Proposition. 

Proposition 3.3.1. Let /i = {{ki, . . . , K m }} 6 971(a). The stratum C K a is a 
smooth variety and 

dimX M = \a\ + (1 - K( M )) + • • • + (1 - K(k„j)). 

Therefore dimi^ = \a\ and any topdimensional irreducible component of the space 
K a coincides with the closure Ka of the stratum Ka C K a , corresponding to a 
Kostant partition A £ &(oe), considered as a simple multipartition. 
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Proof. The first part of the Proposition is evident. 

Since K(k) > 1 for any Kostant partition k it follows that for any stratum we 
have dimi^ < \a\, and equality is achieved iff K(«i) = • • • = K(n m ) = 1, that is iff 
\i is a simple multipartition of a. So it remains to note that a simple multipartition 
is nothing but a Kostant partition. □ 

4. The space <& a 

4.1. Definition. Let C if a x K a+i denote the closed subspace formed by pairs 
{E.,E'„) eK a x K a+l such that E'„ C E.. 

The embedding € l a C K a x if Q+i induces the projections 

p : e a -> /T Q and q : -> 

If (E,,E',) e € l a then it is clear that E,/E' 9 = Mi®O x as an object of category 
NR„(C) (here x € C and O x stands for the structure sheaf of the point x). 

Let r : (£ l a — > C denote the map sending (E,,E' t ) to the point x. 

Let E'. e K a+1 and let = 

Lemma 4.1.1. The fiber of the map qxr:^-> K a+i x C over the point (E',,x) 
is isomorphic to the projective space 

P(Hom(M 2 ®O x ,T:))= P(Hom(0 x , Ker(i;' - 3? +1 ))). 

Proof. Clear. □ 

Consider a piccification 

^"a+i x C = |_J Za+ii 
\n\<a+i 

where Z* +i denotes the space of pairs (E',,x) such that k(T x (T^)) = k. 

Lemma 4.1.2. The projection Z£ +i — > C is a locally trivial fibration. 

Proof. Easy. □ 

Lemma 4.1.3. We have the following factorization property: 

where [3 + i = \k\. Moreover, if W£ +i = (q x r)^ 1 (Z^ t+i ) then we have a commu- 
tative diagram in which all squares are cartesian 

pi < W K < W K W K ► 0" 

^-0 VV f)+i vv a+i vv a+i *~a 



Kp +i x C < Z$ +i , Zl_ (i x c Z$ +i = Z- +l ► K a+t x C 

Proof. Evident. □ 

The above Lemma reduces the description of the fibres of the map q x r : 
€ l a — > K a+i x C to the description of the fibers of the map Wp +i — > Zfi +i , where 
|k| = [3 + i. It is clear that Z£ +i — > C is a locally trivial F K -fibration. We fix 
some point x G C and consider F K as the fiber of Zfi +i over the point x. Let 

F K = (t l xr)- 1 {F K )cW$ +i . 

Finally, let Z^ +i (r) C Zfi +i be the subspace of points with the dimension of the 
fiber of the map Wp +i — > Zg +i greater than or equal to r, and let F K (r) C F K be 
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the subspace of points with the dimension of the fiber of the map F K — > F K greater 
than or equal to r. 

Lemma 4.1.4. The map Zp +i (r) — > C is a locally trivial F K {r)- fibration. 

Proof. Clear. □ 

Proposition 4.1.5. The subspace F K (r) C F K is empty if K(k) < r + 1 and has 
codimension at least r if K(/t) > r + 1. 

The proof of the Proposition will be given in the next subsection. Now we will 
deduce from it the following Theorem. 

Theorem 2. The map q : & a — ► K a +i is semismall. 



Proof. It follows from the Proposition 4.1.5 and from the Lemma 4.1.4 that the 



subspace Z5 +i (r) C Z% +i is empty if K(k) < r + 1 and has codimension at least r 
if K(k) > r + 1. ^From the Lemma 4.1.2 and 4.1.3| it follows that the map Z£, 



Zp +i is a locally trivial fibration, hence the subspace Z* +i (r) C Z£ +i is empty if 
K(k) < r + 1 and has codimension at least r if K(/t) > r + 1. 

Now let X(r) c .Ka+i x C be the subspace of points with the dimension of the 
fiber of the map (£ Q — > -K Q +i x C greater than or equal to r. Then 

X(r)= [J (I(r)n^,)= □ Z£ +i (r). 

Hence 

codimK Q+iXC X(r) = mincodim^+ixc ^ +j (r). 

But 

codimK„ +1 xc Za+i(r) = codim z ~ +i Z* +i (r) + codimK Q+I xc Z£ +i , 

and if Z* +i (r) is not empty then 

codimif o+iXC Z* +i = K(/t) > r + 1 and codim^ Z£ +i (r) > r, 

hence codimX(r) > 2r + 1. 

So it remains to note that the fiber of the map q : <£? a — ► KTa+« over the point 
is equal to the disjoint union of the fibers of the map q x r over the finite 
number of points (E' 9 ,x), hence we have K a+ i{r) C pi(X(r)), where K a+ i{r) is 
the subspace of points with the dimension of the fiber of the map € l a — > K a+ i 
greater than or equal to r, and p\ : K a+ i x C — > K a+ i is the projection. Hence, 
codimX Q+ i(r) > codimA'(r) — 1 > 2r. □ 



4.2. Space F K (r). This subsection is devoted to the proof of the Proposition 4.1.5 



Here we use the notation of the section 3.2. Recall that there we fixed an arbitrary 



integer s. Let us take s = i mod n. Then we have 

Ker(Ti T i+1 ) = R x 

according to the definition of R\. Hence the subspace F R (r) C F K is given by the 
condition 

dimHom(O a; ,i?i) >r+l. 
Recall also that we have a locally trivial fibration F K — > and a sequence of 
locally trivial fibrations 

> A.„ > . . . 
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Let X^.(r) C Xf. be the subspace of points (E,R,) such that dim Hom(O x , Ri) = 
r+1. Let N t = #{p < t \ K s p > 0}. Then it is clear that N s < K(k). Hence it 
suffices to prove the following Proposition. 

Proposition 4.2.1. The subspace Xf.(r) c X\ is empty if N t < r+1 and has 

codimension at least r if N t > r + 1 . 

Proof. We apply the induction in t. 

The base of the induction is evident: if t <C s we have N t = and X^r) is 
empty for any r (because R\ = 0). 

So assume that the induction hypothesis for t — 1 is true. We have two cases: 
Kf = and Kf > 0. 

If nf — then it is evident that Nt = Nt—i and that R\ = R[, hence Xf.(r) = 
w^ l {X t t + 1 {r)) and the induction hypothesis for t — 1 and t are equivalent. 
If n s t > then JVt = N-i + 1 and we have the following exact sequence 

-> Ri -> -> (12) 

and W\ = Ct / Ct(— n s t x) . It follows that 

X*(r) c ror'^-Hr - 1)) U^^W). 

Hence it suffices to check that 

codim 07 -i (Jf «-i (r _ 1)) (^(r) nw^iX*- 1 ^- 1))) > 1. 

The latter condition will be satisfied if we prove that for any point of X^T 1 ^ — 1) 
a generic point of the fiber of the map wt over this point belongs to Xf.(r — 1). 

But this is true, because wc have dimHom(0 T , i?i) = dim Hom(O x , R[) for a 
generic extension ( |l2| ) and according to the Remark 3.2.18 all types of extensions 
(p2[) are realized in the fiber of the map Wt over any point of -X"* -1 . □ 



4.3. Irreducible components of (£^. We will need a description of irreducible 
components of <t 1 a which are dominant over topdimensional components of the 
spaces K a and K a+ i. 

We begin with the case of K a+ i. Let A' G R{a + i) be a Kostant partition. We 
will consider A! as a simple multipartition. Let Ka> be the corresponding stratum of 
K a+ i and let K A' be the corresponding (|a| + l)-dimensional irreducible component. 

Proposition 4.3.1. If A' — {{0[, . . . , 0' m }} then the components of <B l a dominant 
over K A' are in one-to-one correspondence with elements 0' r of the partition A 1 
ending at i . The projection p : — * K a sends the generic point of the component 
of £ l a , corresponding to the element 6' r of the partition A' , to the generic point of 
the component Ka of K a with A = {{0[, . . . , 9' r /i, . . . , 0' m }}. 

Proof. Let E' t be a generic point of Ka 1 and let cr(E',) = Q' x x\ + • ■ ■ + 0' m x m . It 
follows evidently from the Lemma |4 . 1 . 1| that the fiber of the map q x r over the 
point (E' t ,x) is a point, if x = x r and 6' r € (that is if AU is a subrepresentation 
in Mqi t — r((T^).)), and is empty otherwise. Hence, the fiber of q over the point 
E' m is finite and points in the fiber are in a bijection with elements of the partition 
A' ending at i. 

Let us take a point (E, D E' m ) e £ z a in the fiber of q over a generic point 
E' m e Ka> C K a' , corresponding to an element 6' r of the Kostant partition A'. 
Then it is clear that for all x ^ x r we have (T x ), = (T x ) m and for x = x r we have 

-> Mi ® O x {T' x ). (T x ). -» 0, 
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hence T((T X ).) = T((T' X ).)/M t = M 0/ JM 1 = M K/l , hence E. e K A with A = 
{{6^, . . . ,6' r /i, . . . , 0' m }} and the Proposition follows. □ 

Let (^'(fl') denote the component of <E l a dominant over Ka>, corresponding to 
the element 9' of the Kostant partition A'. 

Lemma 4.3.2. The map q : €a'(9') — > Ka> is a generically finite map of the 
degree equal to m(9',A'). 

Proof. Evident. □ 

The description of the components of <£ l a which are dominant over |a|-dimensional 
components of K a is more difficult. Let A G &(a) be a Kostant partition. We con- 
sider A as a simple multipartition. Let Ka be the corresponding stratum of K a 
and let Ka be the corresponding irreducible component. 

Let E, e Ka be a generic point. 

Lemma 4.3.3. The fiber of the map (p x r) : <£. l a — > K a x C over the point (E,,x) 
is isomorphic to the projective space 

P(Hom(B., Mi ® O x )) = P(Hom(£?i/Si_i, O x )). 
Proof. Easy. □ 

Assume that A = {{9 l7 9 m }} and a(E.) = {{6»i}}rri H h {{0 ro }}a; m . 

Lemma 4.3.4. If x — Xy curt d the raiz 9 r G Ej_i i/ien we /«zve 

¥(Hom(E i /E i .. 1 ,O x )) = P 1 
and otherwise P(Hom(.Ej/.E l j_i, O x )) is a point. 

Proof. ^From the commutative diagram 





£?i_i > ► Ei/E. 



i-l 



► > £{ > i*£i > 






it follows that Ei/Ei-i is a direct sum of a line bundle on the curve C and of the 
torsion sheaf Ker(Ti_i — > Tj). Hence 

dimHom( J B i /£' i _i,e' x ) = 1 + dimHom(Ker(T t _i — > Tj), O^). 

So it remains to note that the sheaf Ker(Tj_i — > Tj) has a nontrivial component 
at the point a; only if x = x r and 6*,. e Ej_i, and that in this case the component is 
isomorphic to O x . □ 
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Corollary 4.3.5. The fiber p^ 1 (E m ) is a reducible curve 

C = Co U I |J C r J , 

\{r | e r e e s _i} / 

(see the Figure 1). All vertical components of the curve C are genus curves. The 
horizontal component Co of C maps isomorphically to C under the map r (hence 
g(Co) = g(C)), while the vertical components C r are contracted by r to the points 
x r E C. 





c 2 

X 2 X 3 Xi 


c 5 


c e 

xo ■ ■ ■ x m Co 











Figure 1. The curve C 

Let x r = r^ 1 (x r ) n Co be the preimages of the points x r (r = 1, . . . , m) on the 
component Co of C. Thus if 9 r e E,_i then x r is the point of intersection of the 
components Co and C r of C. 

Lemma 4.3.6. Let x e C. TTien we feaue 

^{{ei,...,e r *i,...,e ro }} c i^a+i, if x e C r - {x r }, 
q(x) e < ^{{e!,...,^,...,^^}} C if Q +i, ifxeCo- {xi, . . .,x m }, 

, K {{9i,...,{{e r ,i}},...,9 m }} C ^a+»! «/5 = ^r- 

Proof. Easy. □ 

Lemma 4.3.7. Consider the stratum Kfrg 1 ^ng r ^\ ^\\ ofK a+ i. Thenitliesin 

the component K {{e 1 ,...,e r ,....e m .i}} °f Ka+i- Other (\a\ + 1) -dimensional components 
of K a+i , containing this stratum are listed below: 

K_{{o 1 ,...,e r *i,...,e m }} an d ^{{ei,...,**e r ,...,e m }} if Or € Ej_i n B i+ i 
^{{ei,...,e r *»,...,e m }} e 
^'{{9i,...,»*e r ,...,e m }} */0r e B i+1 

77ms Zzst is complete. 

Proof. Evident. □ 
Given a Kostant partition A' e £(a + i) consider the intersection 

<s£ = <n p - 1 (# A )n q - 1 (J?, i ,)- 

We are interested in irreducible components of £^ which are dominant over K a- 
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Proposition 4.3.8. If A' = {{Oi, . . . , 6 r , . . . , 6 m , i}} then <£^' has only one irre- 
ducible component, dominant over K a- This component is a generically C-fibration 
over Ka ■ Its fiber over a generic point E % G Ka C Ka is equal to the component 
Co of the curve C = p^ 1 (E,). 

Proof. Easy. □ 



Proposition 4.3.9. // 9 r G Ej_i and A' = {{9i, . . . ,9 r *i, . . . , 9 m }} then €^ has 
only one irreducible component, dominant over Ka- This component is a generi- 
cally ( P U — UPJ -fibration over Ka- Its fiber over a generic point E, 6 Ka C 

m(9 r , A) times 

Ka is equal to the disjoint union of all components C r > of the curve C = p~ 1 (E,) 
with 9 r > = r . 

Proof. Easy. □ 



Proposition 4.3.10. If 9 r e B m and A' = {{6>i, . . . , i * 6 r , . . . , 9 m }} then (S^' 
has only one irreducible component, dominant over Ka- This component is a 
generically finite m(9 r ,A)-fold covering of Ka- Its fiber over a generic point 
E, E Ka C Ka is equal to the set all points x r > of the curve C = p~ 1 (E,) 
such that 9 r i = 9 r . 

Proof. Easy. □ 



5. s[„-MODULE STRUCTURE 

5.1. Preliminaries. We want to introduce a s[ n -module structure on the vector 
space 

M= H°(K a ,Q). 

a£N[I] 

This space is naturally y-graded. Recall that the affinc Lie algebra sl„ is given by 
the generators ei,/j,/ij, (i G I) (Chevalley generators) which satisfy the following 
set of relations (Serre relations) 

ad(ei)( 1 -°«)e J - = 0, (i ^ j G I) 

[e», fj] = Sijhi, («, j e /) 

[hi,ej] = (Hjej, (i,j G I) 

[hi,fj] = -aijfj, {i,j&I) 

[hi,hj]=0, (i,j£l) 

Recall also, that c = J2iei ^ 1S * ne cen tral element of sl n . 

5.2. Definition of e^. We choose the natural Q-basis in the spaces H°(K a ,Q), 
formed by the fundamental classes of topdimcnsional irreducible components of K a . 
Let va = [Ka] S H°(K a ,Q) be the fundamental class of the component Ka, 
corresponding to a Kostant partition A G R(a). 

We will begin with the definition of the action of the Chevalley generators a, 
fi and hi and after that we will check that the Serre relations between them are 
satisfied. 
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Definition 5.2.1. The operator e* : H°(K a ,Q) -> H°(K a+i ,Q) is given by the 
correspondence € l a C K a x K a+i . 

Let £j(A, j4') denote the matrix coefficient of the operator e, with respect to our 
basises. Thus for all A 6 &(a) we have 



E 



£i(A,A')v A ' 



(13) 



Proposition 5.2.2. Let A' = {{6[, 6' m }}. We have 

'm(9 r ,A'), if 6' r e Ei and A = {{6[, 6' r /i, . . . , 6' m }} 



e l (A,A') = 



0, 



otherwise 



Proof. Follows from the Proposition 4.3.1 and from the Lemma 4.3.2 
5.3. Definition of hi. 

Definition 5.3.1. We define the operator hi : H°(K a , Q) -> H°(K, 
multiplication by (i' , (2 — 2g)p + ao + a). 



□ 



as a scalar 



5.4. Definition of /j. The definition of the operator /, is rather more complicated. 
The reason is that the dimension of <E l a is equal to \a\ + 1, so it doesn't define an 
operator H°(K a +i,Q) — > H°(K a ,Q). Thus, as in the case of excess intersection 
we should introduce certain second cohomology classes 6 H 2 (£ l a ). 

This can be done as follows. Consider the space € l a x S and let E, C Og; IEI £. 
(resp. E'„ C 0g> denote the universal degree-a (resp. degree-(a + i)) periodic 

subflag on <t\ x S. We have the universal embedding E' t C -E. which gives the exact 
sequence 

.Efc -> (id xi),A:L^ -» 

where is a line bundle on and the embedding A 1 is defined from the following 
cartesian square 



<id 



C X S 



id xi 



<id 



CxC «- 



c 



Consider also the following commutative diagram of sheaves on K a x S 




Ei+i n St 



E, 



Si+i 

I 

Ti+i 



E i+1 /(E i+1 nSi 
(id xi)„C i+ i 
T i+ i/T< 




(14) 
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where T( = £. t /(E i+1 n Si) = Im(T< -> Tj+i). It follows that E i+1 /(E i+1 n is a 
subsheaf in (id xi)*£j+i, hence 

%/(£ i+ in^) = (idxi),^ 

where T' l a is a torsion free rank 1 sheaf on K a x C. 

Definition 5.4.1. Let 

C a = Cl ((AT(p x id)***) - Cl (V a ) + Cl (r*T c ) G ff 2 «,Z), 

where Tq stands for the tangent bundle of the curve C. 

It is clear that first and second summands here depend not only on i mod n but 



on i itself also. However, it will be seen from the proof of the Proposition 5.4.3 that 
the class depend only on i mod n. 

Definition 5.4.2. Let A G &(a), A' G &(a + i) be a pair of Kostant partitions. 
We define the operator /jj : H°(Ka>) — > H°(Ka) as follows. If the intersection 
&A is (|a| + l)-dimensional, then f£ is given by the class (C a )\e A ' ( tnat is, f£ 
equals the integral of over a generic fiber of <t\ over -K"a)- If the intersection <t\ 
is |a|-dimensional, then is given by £^ (that is, f£ equals the cardinality of a 
generic fiber of £^ over Ka)- Finally, we define the operator fa : H°(K a+i ,<Q) — > 
H°(K a ,Q) as the sum of operators f£ for all pairs (A, A'): 



fi E /. 

Aefi(a), A'G.ft(a+i) 



A' 
A • 



Let cf>i(A', A) denote the matrix coefficient of the operator fi with respect to our 
bases. Thus for all A' G &(a + i) we have 

fi(v A >)= Yl MA',A)va. (15) 



Proposition 5.4.3. Let A — {{9i, . . . , m }}- We have 



M(i,A), if A' = {{$!,..., 6 m ,i}}, 

-m(O r ,A), if6 r G Ej_i and A' = {{6>i, . . . , Q r *i, . . . , Q m }} 
m(6 r ,A), if8 r eB i+1 and A' = {{9 U . . .,i*0 r , . . . ,6 m }} 
0, otherwise 



where 



M(i,A) = (i',(2-2g)p+a ) + V (m(i*9,A) - m(9,A)) 



eeB l+ i 



Proof. The third case follows immediately from the Proposition 4.3. 10| and from 



the definition of the operator f£ . In order to check the first two cases we should 
compute the restriction of the class to the components Co and C r of the curve 
C = p _1 (£' > ), where E, is a generic point of the stratum Ka C K a . 

Recall that is defined as a sum of three summands. We begin with the 
computation of ((A*)*(p x id)*JT^)| C . Note that (p x id) ■ A 1 = p x r, hence 
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(A*)*(p x id)*^ = (p x r)*F l a . Since C = p _1 we have the following 

cartesian square 

C ► (S* a 

r l pxr l 

{E,} x C > Z„xC 

hence ((p x r)*JT^)| C = r*(.7"^|.rE i x cr). It follows that this bundle is trivial on 
vertical components of C over C, that is 

d(((A i )*(pxid)Vj)| Cr ) = 0. 
At the same time its restriction to Co is isomorphic to Fa\{E.}xC' wm ch according 
to the definition of T % a is equal to -Bj+i / (-Ej+i H The diagram ( |l4| ) implies that 
Bi+i/^+i n Si) = dimr(T i+ i/2;0)). So, finally we get 

Cl (((A J )*( P x id)*^)| Co ) = degA+i(-dimr(r <+1 /^)) = 

= deg£ i+1 -dimr(T i+1 /i;') = deg£ i+1 - ^ m(9,A). 

The second summand can be computed as follows. First consider a vertical 
component C r . Note that C r is by definition isomorphic to the projective line 
V(H r ), where H r = H.om(E,,Mi <g> Xr ) = Hom(S i /£' i _ l! Xr ). Consider the 
natural morphism of coherent sheaves on C r x S 

Ct B E< -> Oc r B E/A-i -» Oc,. H (if r * ® O x J -> Ocv(l) B ^, 

It is clear that the kernel of this morphism is nothing but the restriction of the 
sheaf E[ from & a x S to C r x S. Hence L' Q|Cr C Cr (l) and 

ci(4|cj = 1- 

Now we will treat the component Cq. Consider the following morphism of co- 
herent sheaves on Cq x S 

O co Ca H A/A-i -» O co H n -» 

-» O co HUA(-dimr(T</lV_i)) -» (idx^^C-dimr^/lt-i)) 

It is clear that the kernel of this morphism is just the restriction of the the sheaf 
E[ from € l a x S to C x 5. Hence Lj, |C() = dimT^/X^)) and 

ci(Li lCo ) = degA - dimTiTi/TU) = degA - E TO ( ' 

Finally, we should compute the third summand. But it is evident that the bundle 
r*Tc is trivial on the vertical components of the curve C and is isomorphic to Tc a 
on the component Cq. So summing up all contributions we obtain 

Q Co =deg£ i+ i- £ m(M)-(deg£-£ m (M)) + 2 - 2 S = 
eeB l+ i eeB s 

= 2-2 5 + <i / ,a ) + (Em(6l,A))- ^ m(6>, A)) = M(i, A) 
eeB, eeB 1+ i 

in the case of the component Co and 

£| Cr = o-i + o = -i 



2,x 
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in the case of the component C r . So it remains to recall that according to the 
Proposition 4.3.E the number of vertical components, contributing to the coefficient 
<pi(A', A) is equal to m(6 r , A). □ 

We finish this section with the following. 

Theorem 3. The operators ei,hi,fi (i 6 /) provide the vector space M with a 
structure of sin-module with the lowest weight (2 — 2g)p + ctQ and the central charge 
c = (2 - 2g)n + d. 

6. Serre relations 

This section is devoted to the proof of the Theorem ||. 

6.1. Representation in differential operators. Let N = Q[xg] denote a Y- 
graded vector space of polynomials in variables xg, 9 £ R + , with the inverse grading 

deg x e = — dim 8 

Given a Kostant partition A = {{#i, . . . ,9 m }} E &(a) let x A denote the following 
monomial 

x A — x 6l x 6m e N_ Q . 

ft is clear that monomials x A with A £ &(a) form a basis of N_ a . We define the 
pairing N <S> M — > Q as follows 

(x A ,v A ,) = 5a a' . 

This gives an isomorphism N = M*. Let 

p T -N • — > N /? T ■ N — > N f T • N — > N 

denote the adjoint operators of the operators e^, hi and fi, defined in the previous 
section. 

Lemma 6.1.1. We have 

eJ(x A ')= £i{AA')x A , ff{x A )= MA',A)x A \ 



where Si(A,A') and 4>i(A',A) are given by the Propositions 5.2.i and 5.^.3, and 
hj | N is the scalar multiplication by (i' , (2 — 2g)p + ao + a). 

Proof. Evident. □ 

The following Proposition shows that the operators ej , fj are in fact first order 
differential operators. 

Proposition 6.1.2. We have 



?- xe+idg +Xi( x ede - xgdg+Ci), 

6»se,_i eeBi 0eB i+1 



Proof. Direct calculations. □ 





= x ed ( 






hf 


= x ede - 






fl 


= J2 x i*e 




eeB I+1 


where do 


= and Ci = (i 
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It is clear that the Serre relations for the operators e», hi, fi are equivalent to the 
Serre relations for the operators ej,hj, fj '. Hence the Theorem |] follows from the 
following. 



Theorem 4. The operators ( |16|) provide the vector space N with a structure of 
sl n -module with the lowest weight Ci. 

The proof of the Theorem will take the rest of the section. 



6.2. Check of the relations. Now we can apply the Proposition 6.1.2 to verify 
the Serre relations. We begin with the following useful notation. 

Given a raiz 9 £ B{ — {0} C R + beginning at i we define the differential operators 

E (#) = X! x **0®* and E (^) = x ti d ti*8- 

Similarly, given a raiz 9 £ E; — {0} C R + ending at i we define 

B(0) = xe*#d#. 



Finally we define 



and 



9eBi 



A, = Bi_! +Bi + Cl . 
Using this notation we can write our operators in a more compact form 

ef = E(i), 

/if = E,; + i — Ej + Ai, 

if = B^-E^+nAj. 
We will make also the following agreement: 

if £ then E(0) = E(0) = B(0) = x g = 0. 



Lemma 6.2.1. 



[E(0i),E(0 2 )] 
[E(0!),E(0 2 )] 
[B(0i),B(0 2 )] 
[Bi, Bj-] 

[B(«),B,] 



= E(0i*0 2 )-E(0 2 *0i), 



Proof. Easy. 
Lemma 6.2.2. 



We have 



TO, b(?')] 

[E(«),B 3 ] 

[E(i),E(j)] 

[E(i),^] 



E(0 2 *0!) 
B(0!*0 2 ) 

0, 

'b(0), 
-B(0), 
0, 



0, 

0, 

fty(Ej 



-E(0i*0 3 ), 
-B(0 2 *0i), 

«/fleE,\B, +1; 
peB, +1 \E,, 

otherwise. 



Ej+i), 



(17) 



□ 



= ft 



:!() 
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Proof. Easy. 

Lemma 6.2.3. We have 



□ 



[E(0x),B(0 2 ) 

[E^x),^] 
[B(^),^ 2 ] 

[Bi,x e ] 



0, 
0, 

Jxe, if 9 EB l+1 , 
I 0, otherwise. 



Proof. Easy. 

Lemma 6.2.4. FFe /iaue 



[Ai,E(0)] 


= 0; 


[Ai,E(0)] 


= 0; 


[Ai.BW] 


= (i',dim0}B(0); 




fx*, if9eBi, 


[A i; xe] 


= < -x e , i/0 € B i+ i 




1 0, otherwise; 


[A,:, A,] 


= 0. 



□ 



Proof. Easy. □ 

Now we are ready to check the relations. 
6.3. Serre relations for ef. 

Proposition 6.3.1. If j ^i±l then [ef , ej] = 0. 
If j = i±l andn^2 then ad(ef ) 2 eJ = 0. 
Ifj = i + 1 and n = 2 i/iera ad(ef ) 3 eJ = 0. 

Proof. In the first case i* j £ R + and j * i £ R + hence according to ( p7| ) and to 
we get 

[E(i),E(i)] = 0. 

i + 1 and n =/= 2 then 

[E(i),[E(i),E(j)]] = [E(i),E(i*i)]=0 



the Lemma 6.2.1 
If J 



and if j = i — 1 and n ^ 2 then 

[E(i),[E(i),E(i)]] = -[E(i),E(i*i)] = 0. 
Finally, if j = i + 1 and n — 2 then 

[E(t),[E(i),[E(i),E(3)]]] = [E(i),[E(!),E(i*i)-E(i*i)]] = 

= -2[E(i),E(i*j*j)] = 0. 



□ 
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6.4. Commutators of e[ and fj. 
Proposition 6.4.1. We have [ef , fj] — SijhJ . 

Proof. According to (jT?]) and to the Lemma 3.2.2 we have 

[E(i), BO') - E(j) + XjAj] = = -SijiEi - E i+ i) + %A^- = Syhf 

6.5. Serre relations for fj. 

Proposition 6.5.1. Ifj^i±l then [fj , fj] = 0. 
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Proof. According to (|l^ ) and to the Lemmas |6.2.1 , |6.2.3 and 6.2.4 we have 



[fj, fj] = [B(i) - E(i) + XiAi,B(j) - E(j) + XjAj] = 0. 



□ 



□ 



r .2 fT 



Proposition 6.5.2. If j = i ± 1 and n ^ 2 i/ien ad(// ) / 
Proof. Assume that j = i + 1. We denote 



O = [Jf , if] = [B(i) - E(i) + XiA i( B(j) - E(i) + arjAj-]. 



Then according to ([l7|) and to the Lemmas |6.2.1 , |6.2.3| and |6.2.4 we have 

D = B(i* j) - E(« ★ j) + aijB(i) - cCjB(j) + a^-A, + (x^- - XiXj)Aj. 

It suffice s to show t hat [/, T ,-P 1 = [fj,D] = 0. Aplying once more jl?] ) and the 
Lemmas |6.2.1| , |6.2.3| and |6.2.4| we get 



[B(i),D] = x iirj B(i) - XiB(i*j) - 2x iicj B(i) 4 
[B(i),D] = 0; 

[xiAi,D] = xiB{i* j) + XiXjB{i) + XiXi+jAj. 

Hence [fj ,D] = 0. Similarly, we get 

[B(j),D] = -XjB(i*j)+x iir jB{j)-2(xi. 
[E(j),-D] = -x iirj B(j) - Xi*jXjAj; 

Hence [/ 7 T ,£>] = 0. 



XiXj)B(j); 



□ 



1 andn = 2 then ad(/f) 3 // = 



Proposition 6.5.3. = 

Proof. We denote 

£> = L/f , /J] = [B(i) - E(i) + x»Ai,B(j) - E(j) 
Then according to (0) and to the Lemmas |6.2.li |6.2.3| and |T| we have 
D = B(i * j) - B(j * j) - E(t * j) + E(j * t) + 



•arjAj] 



+ 2ajjB(i) - 2^B(j) + (x 



Vj+i T" XiXj )Ai + (x iir j - Xj*i X^Xj 



32 



MICHAEL FINKELBERG AND ALEXANDER KUZNETSOV 



Aplying once more ( |l7| ) and the Lemmas |6.2.1 , |6.2.3 and 3.2.4 we get 



[B(i),D] 
[E(i),D] 



-2B(i*j *£) + 2xi*j'B(i) — 2# 2 -B(« * j) + 2a^B(j * £)- 



-\~[XiXfaj 
[XiXi+j 

-2E(i*j*i) + 2Xj-*iB(i)+ 

"I - i*j *i "4" ^iX j^-i) Ai -\~ [Xiicjiei X^Xj^j/jAj^ 

-2a;j*_ 7 -* i Aj + 2a; i £j-B(i) + 2x?B(j) + 2aj<a;j*iA i 

~\~Xi{^2Xi+j -f - X^Xj^j A{ -f - XiyXfaj ~f~ Xj+ijAj 



Hence [/f ,D] = 25, where 



) A j 



l) = — B(i*j'*i)+E(i*5*i)+SiB(j'*i) — XjB(i*j) + (:rj 



•XiXj)B(i) 



Aplying once more ( |l7|) and the Lemmas |6.2.1 , 3.2.5 and 3.2.4 we get 



[B(i),D] = 2xiB(i*j*i) — (xi*jii +XiXi*j)'B(i)+ 

+x?(B(i*j) - B(j + (xiXi+j+i - x?Xi it j)Ai+ 



+2(2 Xl 



x? Xj )B(i)+ 



[E(i),Z>] 
[xiAi,5] 



-\-XiXi*j*iAj -\- 2( Xi+j+i ~\~ XiXj*i )B (z) , 

"t - {XiXi+j+i X^Xj^i^A^^ 

-2xiB(i*j*i) + x?B(j*i) - ac?B(iyrj) + .x^^^A^+ 

^j*? )B (z) — IXi^ — Xi+j 4~ ~h £CjXj')B(zJ — 

X j^X j^i^i -\- X%{^ QXijejiri ~\~ 2'X^X^j ■ X^Xj^A^-^ 
~\~Xj, (PiXi+j+i XiXi-kj XiXj^j, ~h X^ Xj^jAi 



x% ( X{. 



X i X i 



)A, 



Hence [ff, D] = and the Proposition follows. 



□ 



7. Extending the action of s[ n on M to gl„ 

In this section we will deal with the Lie algebras sl n for various n. So in order 
to avoid a confusion we will denote the corresponding set of simple raiz by I(n), 
the system of raiz by i? + (n), and the raiz lattice by Y(n). 

7.1. st„ and slk n . Recall that the group Z/nZ acts on the Lie algebra sl„ by outer 
automorphisms. This group acts also on the set of simple raiz I(n), on the raiz 
system R + (n), and on the raiz lattice Y(n). We denote the action of an element 
a £ Z/nZ by r a . 

Lemma 7.1.1. For all integers k > 2, n > 2 there is a Lie algebras homomorphism 
/i : s[„ — > slk n defined on the Chevalley generators as follows 

a£nZ/(fcn)Z 



Proof. Evident. 



E 

aGnZ/(fcn)Z 



fr, 



H{hi) 



a£nZ/(fen)Z 



□ 
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On the other hand, the identifications 

R + (kn) = (Z X< Z)/(fen)Z, R + (n) = (Z x< Z)/nZ 
give rise to the projection 

( : R + {kn) — > (p, g) mod fen i— > (p, q) mod n. 

The projection £ in its turn induces a morphism of algebras 
£ : N(fen) — > N(n), i— > 

The following Proposition will be very important below. 

Proposition 7.1.2. The homomorphism C, is a homomorphism of s\. n -modules, 
that is for all £ 6 sl n , P(x) £ N(fen) we have 

Z-((P) = t(KO-P)- (is) 

where ■ stands for the action of the Lie algebra sl n (resp. slk n ) on the space N(fen) 
(resp. N(n)). 

Proof. Since fi is a Lie algebra homomorphism it suffices to check (jLsl) only for the 
Chevalley generators e, and /,-. On the other hand, both a and fi act as first order 
differential operators, hence both LHS and RHS of (|lj) are first order differential 
operators on N(fen) with values in N(n). Hence it suffices to check ( |l8| ) only for 
P = x$, i? £ R + (kn) U {0}, and this can be done straightforwardly. □ 

In fact, the homomorphism // : sl„ — •> s[fc„ C Diff(N(fcn)) can be extended to 
some bigger subalgebra of Diff (N(n)). 

Definition 7.1.3. We define 

M(E(0))= E 0eR+(n). 

i?6f-!(e) 



The analog of the property ( |18| ) is satisfied for the operators £ = E(0): 

Proposition 7.1.4. We /lave 

E(^)-C(P) = C(M(EW)-P). (19) 

Proof. Again it suffices to check (|l^) only for P = x$ , i9 e i? + (fen) U {0} and this 
can be done straightforwardly. □ 

7.2. The polynomial P n . Let a n = SieJ(n) * ^( n ) be the element of the lattice 
Y(n), corresponding to the sequence (...,1,1,1,1,...) of integers. 
Consider the following element of the space N(n) 

Pn= E P >* = E (-l) KM+1 x 6l -...-x em . 

K={{e 1 ...,9 m }}eA(a n ) K={{e 1 ...,e m }}eA(a n ) 

This element of the space N(n) has the following properties. 



Lemma 7.2.1. Let6eR + (n). We have 

E(0) • P n = 



1 , if dim 8 = oe n 
0, otherwise 
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Proof. The first case is evident, so assume that dim 9 ^ a n . It is clear that 

E(0) ■ P n = X - XK 

with some coefficients A K € 1. Hence we can assume also that a n — dim9 e N[/]. 

It suffices to show that all coefficients A K vanish. Fix some n = {{9i, . . . ,6 m }} 
and assume that 9 € B^. It is clear that the partition k has exactly one element 
contained in Ej_i. Assume that it is 9 m . 

Let «/ = {{9i, . . . , 9 m * 9}} and k" = {{8±, . . . , 9 mi 9}}. It is clear that 

but K(k") = K(k') + 1, hence A K = 0. □ 

Let fl = ff- c iXi = B(i) - E(i) + a;i(Bi_i - B 4 ). 
Lemma 7.2.2. W^e have 

n-p n = o 

for all i <E I(n). 
Proof. It is clear that 

fi -p n = x - xK 

with some coefficients A K e Z. We will check that all coefficients A K vanish. Wc 
have the following cases to consider: 

1) k = {{i, i}} U «/; 

2) k= {{i,i*0}}UK', <9e B i+ i; 

3) k = {{i,0*i}} Uk',6 e Ei_i; 

4) k = {{i, #}} U 6> > i but 9 £ B; U E;; 

5) k = {{i*0i, 6i 2 *i}}l)K', 9 1 e B i+ i, 6» 2 e Ej_!. 
In the first case we have 

A K = PgWdBi-.! - Bi){x^ UK ')) = 0. 

In the second case we have 

A K = P«* + P***}}^'^.! - B J )(^ {{ " 6 ' }}UK ')) = 

_ p{{h6}}un' I p{{»e}}un' 

which is zero because K({{z, 9}} U k') = K({{i * 9}} Uk') + 1. 
In the third case we have 

X K = -P«^» u «' + p{^*i}}^' ((Bi^ - B 4 )(z {{e " }}UK ')) = 

= _p{{i,f}}Uft' _ p{{i*e}}UK' 

which is zero because K({{z, 9}} U «/) = K({{i * 9}} U «/) + 1. 
In the fourth case we have 

A K - P« 9 » UK '((B 4 _ 1 - B 4 )(x« K » UK ')) = 0. 

Finally, in the fifth case we have 

\ — p{{0i,02**}}uie' _ p{{i*ei,e 2 }}u«;' 

which is zero because K({{0i, 2 * i}} U «/) = K({{i * 6>i , 2 }} U «')• □ 
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7.3. g[„-structure. Recall that 

gt„/c = Stn/c © Heis/c, 
where c is the central element and Heis is the Heisenberg algebra, that is 
Heis = Q(. . . ,a_ 2 ,a_i,a ,ai,a 2 , . ..) ©Qc 

with 

[a p ,a 9 ] = 5p- q pc, [a p ,c] = 0. 

Thus, if we want to extend an action of sl n with the central charge cq to the action 
of gl n , we have to construct an action of the Heisenberg algebra with the central 
charge ucq, commuting with the action of st„. 

Definition 7.3.1. (compare pTlj ] ) We define 

a p = ^2 E (0), a -p = c o({P P n), P > 0, and a = c id, c = nc id . 

dim0=pa„ (20) 

Proposition 7.3.2. The operators a p and c satisfy the relations of the Heisenberg 
algebra. 

Proof. The equality [a p ,a 9 ] = for p, q < is evident and for p, q > it follows 
from the Lemma 6.2.1. Hence it suffices to consider the case p > 0, q < 0. In this 
case we have 

[ap,a,]=CD • C(P- qn ) = co ]T C(/*(E(0)) • P- m ) = 

dim 0—poin. dim 9—pa n 

= Co 2^ C( E (l?) • P-gn) 
dim C(^)— poi n 



0, otherwise 



because dim£($) = pa n is equivalent to dim$ = a pn . □ 

Thus it remains to check that a p commute with the action of sl n . We will need 
the following Lemma. 

Lemma 7.3.3. We have 

Edime= pc jE(60,B(i)] = d Bl +xide 2 , 

Edim0=pcjE(0),E(i)] = d 9l +Xide 3 , 

EdimfcpajEW;^] = x,(de 3 -de 2 ), 
where 9\ , O2 , #3 G -R + (n) are defined by the following properties 
dim^i = pa n — i, dim #2 = P&n and #2 G dim #3 = pa n and #3 G B^. 

Proof. Evident. □ 

Proposition 7.3.4. The operator a p commutes with sl n for all p > 0. 

Proof. It suffices to check that the operators a p commute with Chevalley generators 
ef and fj. It follows from the Lemma |S.2.1 that 

[a p ,ef]= Y. [E>),E(i)] = 

dim 0—pa n 

and the Lemma 7.3.3| implies that [a p , ff] — 0. □ 
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Proposition 7.3.5. The operator a_ p commutes with sl n for all p > 0. 
Proof. We have 

[ef,a_ p ] = c ef • C(-Pjm) = CoC(M e f) • Ppn) = 

= c J] C« (i ) ' ^«) = c J] C(E(r (i)) • Ppn) = 0. 

On the other hand 

[fTl a -p] = c o/i ' C(Ppn) ~ CoCiXi^(P pn ) 

and 

/i T ' C(P P n) = Mf?) ■ Ppn) = £ C(/£ W • P P n) = 

= ^2^((fr a (,i) + c * x T a (i)) ■ Ppn) =^2c t ((x Ta(l) )((P pn ) = CiXiCiPpn) 

and the Proposition follows. □ 

Thus we have proved the following. 

Theorem 5. The operators ( p0[ ) extend the structure of sin-module of the vector 
space N to that of gl n -module. 

Corollary 7.3.6. The vector space M has the natural structure of a gl n -module. 

Remark 7.3.7. It is easy to show that the action of the operators a p with p > 
on the vector space M can be described geometrically. Namely the operator a p is 
given by the correspondence 

C*" = {(E.,K) G K a x K a+pan | E', C E. and supp^/S.) - {.t} e C} 

in the same way as the operator is given by the correspondence <E l a . It is tempting 
also to conjecture that the operator a_ p is given by the same correspondence 
in the same way as the operator fa is given by the correspondence £ l a . However, it is 
rather difficult to check, because the correspondence £P Q " has a lot of components 
with dimensions in the range \a\, . . . , \a + pa n \ and all of them should contribute 
to this operator. 
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